A class of tests for normality using the ratio of two estimates of the standard deviation is generalized to provide a class of tests for multivariate normality using a characterization of the multivariate normal. The posers of some of the tests are examined numerically and compared with the power of a recent similar test. The powers of some of the tests are examined numerically and compared with the power of a recent similar test.
INTRODUCTION
Tests for normality based on the ratio of two estimates of the standard deviation from a single sample have been proposed by several authors.
We restrict attention here to those statistics using the usual estimate based on the sum of squares in the denominator, and an estimate based on a linear function of the sample order statistics in the numerator. Such statistics include the ratio u of range to standard deviation (David, Hartley, and Pearson, 1954) , Shapiro and Wilk's (1965) Similar statistics could easily be constructed from other order statistic estimators of the standard deviation, for example, the mean deviation about the median (Nair, 191+7) .
-2- Malkovich and Afifi (1971) have generalized the W statistic to the multivariate case using an approximation to a union-intersection test.
In this paper we generalize the class of statistics described above to the multivariate case by a union intersection procedure different from that considered by Malkovich and Afifi. Percentage points for some of Several test statistics proposed for testing normality may be put in the above form. David, Hartley, and Pearson (1954) 
where a' 1 (-2-1/2,0,0,...,0)24/2) . Shapiro and Wilk (1965) consider the mean deviation about the median, as an c'timate 
where cL (a, n) is the lower 100a per cent point of the distribution of inf r(a, n) . A conservative two-sided test at level a ma; Je obtained by not rejecting the normality hypothesis when inf r(a, (, n) = inf inf r(a, /, n) , j r(a, for E L. , (a, n) is the ratio of a linear form to the square root of a positive definite quadratic form.
It is well-known that this ratio, for unrestricted % , has only one extreme value, a maximum equal to 
in terms of the original variables.
Similarly, sup r = sup r (4, n) AN EXAMPLE Below appears part of Student's data on the number of hours increase in sleep gained from the use of two drugs (Anderson, 1958, p. 51 which agrees with the above result within round-off error.
6.
GENERAL p
The argument in §4 can be extended directly to any p . Without loss of generality we consider the standardized principal variables Y. = S-1/2(X. Again the infimum of r(a, L, n) will occur at one of the vertices of the region, and the supremum will occur either at one.of these points, or at a local maximum if one occurs in a region, the maximum then
occurring when /k = qt/S1 , where qc = E ainYL k1 1 k = 1,...,p , the j superscript denoting the j -th region. We therefore consider an alternative procedure. Let Further complications now arise as this function has multiple maxima and minima. We shall ignore these however and consider only the points I.
defined above. Again this may result in some loss of power: this question is examined in §8. S(e thus evaluate -15-inf r(a, /j, n) and sup r(a, %., n) Alj and accept or reject the hypothesis of multivariate normality accordingly.
OTHER TESTS FOR MULTIVARIATE NORMALITY
Tests for multivariate normality have recently been considered by Malkovich and Afifi (1971) , in a study including the tests discussed in Kowalski (1970) and some others. In particular, they generalize the skewness It is known (see Shapiro and Wilk (1965) 
-1
(1 -p 1 '2 = 5 : LN, U, t10 .
In Table 1 appear the results for a = .10 , p = 2 , n = 10 and 20 .
Other values of a gave comparable results Shapiro, Wilk and Chen (1968) . The results for a = .10 p = 3 , n = 10 are given in Table 2 . alternatives all tests had very low power for n = 10 . The powers for the W* and u* tests based on polynomial mappings were very close to those of the tests based on hyperplane mappings, suggesting that the simpler polynomial mappings may be quite satisfactory. 08540.
